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Introduction
In reliability analysis of systems, multi-state systems are proposed instead of binary-state systems because they are more practical to use in real life situations. Especially multi-state models are useful in describing many engineering systems such as pipe-line systems, power generating systems or manufacturing systems, etc. Different from binary state systems, they have more than just two levels of working efficiency. A multi-state system and its components can have M (M>1) working states, from perfect functioning state φ(0)=M to less efficient states φ(t)∈{M-1,M-2,…,1,0}, where φ(t) denotes the state of the system at an arbitrary time point t. To have the general idea behind the multi-state theory and the basic evaluation methods on the reliability of such systems, see the works of Huang et al. [8] , Tian et al. [24] and Eryilmaz [4] . Also for a detailed theory of multi-state modelling we refer to Kuo and Zuo [10] .
This study examines a manufacturing system containing seriallyconnected workstations within its structure. Although includes a lot of studies dealing with the reliability analysis of manufacturing systems by using two-state system structures, there are very few reliability studies on multi-state manufacturing systems. The reliability studies on multi-state manufacturing systems usually involve illustrative examples. Niknam and Sawhney [19] proposed a model with reliability analysis in the performance measurement of multistate manufacturing processes. Khatab et al. [9] carried out the reliability analyses of series and parallel multi-state systems through Kronecker algebra. Lisnianski [14] employed the extended block diagram method in the reliability analysis of a multi-state system. Using failure modes, Lia et al. [12] carried out reliability analysis on a multi-state optical sensor through a method combining modified binary decision diagram and multi-state multi-valued decision diagram models. Abou [1] proposed a reliability-based performance model in a multi-state flotation circuit of mineral processing plant using two failure modes. Qin et al. [20] proposed a method which was a combination of the Markov stochastic process and the universal generating function methods for the reliability analysis of multi-state systems and performed illustrative examples in a power station coal feeding system. Levitin ve Lisnianski [11] employed the universal generating function method in the importance and sensitivity analysis of a multistate power station coal-feeding system. We deal with the dynamic reliability analysis of a manufacturing system in this study. In the dynamic reliability analysis, of multi-state systems, a system or the components degradate into any lower state over time. For a detailed theory of dynamic reliability analysis we cite Lisnianski and Levitin [13] . One of the reliability measures used in dynamic reliability analysis of multi-state systems is the probability that the system is in some intermediate state j or above at time t. This definition can be expressed as
, where T ≥j denotes the lifetime of the system at state j or above. Generally the degradation process of the multi-state systems or the components is assumed to have a homogeneous Markov degradation process [21, 2, 3, 17] or a non-homogeneous Markov degradation process [18, 23, 15, 16] . In this study, we assume a non-homogeneous Markov process for the degradation process of the workstations because according to this process the length of time a workstation stays in a certain state depends not only on the current state, but also on how long the workstation has been in the current state which is more realistic to reflect the performance degradation of multi-state systems. The transition rates to other states may change over the duration of the states, thus they are time dependent.
The dynamic performance evaluation of a multi-state system with seven workstations is considered. The reliability measure which is the lifetime of a multi-state workstation, , j T ≥ in the state subset {j,j+1,…,M} is considered to evaluate the workstation's performance at state j or above. Each workstation in the system work independently and nonidentically. Because of the difficulty in obtaining the performance evaluation of systems under nonidentical case and threestate systems have been the topic of various reliability papers because of its simplicity [5, 6, 7] , we consider that the system or the workstations can be in three-states, perfect functioning ("2"), partial working ("1") and complete failure ("0") . There are different numbers of machines within each workstation. The state of a workstation is determined based on the number of working machines in the workstation at time t. If all the machines within each workstation work, the workstation is defined as working with the full performance. Whenever at least one machine fails within the workstation, then the workstation is defined to be partially working. If all the machines in the workstation fail, then the workstation is defined as failed. We also consider the system's performance based on those workstations' performances. The workstations are connected in series. Thus the reliabilities for the three-state system are obtained based on a series structure of the workstations. In summary, we study the dynamic reliability analysis of this three-state manufacturing system and the workstations in case of non-homogeneous continuous time Markov degradation process assumption.
Manufacturing structure
In this study, we handled the manufacturing process of a company producing electric motors. Different types of electric motors are produced in the company. The manufacturing process of an electric motor mainly takes place in four basic stages: rotor, stator, cap, and body. Within the scope of the study, we focused on the rotor manufacturing process. This process involves seven workstations including rotor packaging, rotor die casting, shaft removing, rotor shaft grouping, grinding, rotor turning, and rotor balancing. The flow chart of the manufacturing process is shown in Figure 1 . Each workstation has a different number of machines. However, we were not interested in the reliability calculations of the machines in the workstations. Instead, we dealt with the work performance of the workstations.
The manufacturing process takes place on three shifts, and each shift involves a different number of machines in each workstation. These machines operate independently of each other. In other words, there is no input-output relationship between machines in a workstation. After an operation ends in a machine in a workstation, it is sent to the next workstation. One part undergoes one operation in one machine in a workstation. 
Data collection and data analysis
Within the scope of the study, unplanned failure data of machines working in each workstation on three shifts from 08.01.2018 to 26.06.2018 were analyzed. These data included failure mode and repair time data of each machine in the workstations. A machine is in operating state when it is not in an unplanned failure state. We consider that the system or a workstation can be in one of the following three-states: perfect functioning ("2"), partial working ("1"), and complete failure ("0"). The perfect functioning state refers to when all the machines in a workstation are working in a particular time period. For example, if all of the five machines are working on a shift in a workstation at a particular moment t, the performance of the workstation at moment t is expressed as perfect functioning state. This being the case, incessant working time of a workstation without any unplanned failure in any one of five machines is referred to as perfect functioning state time of the workstation. In the event that any machine in the workstation gets into unplanned failure state, the time period when four machines are working in the workstation at the same time is the repair time of the machine in unplanned failure state. This is the partial working state time of the workstation. If another machine gets into unplanned failure state at that moment, this means that 3 machines are working in the workstation at moment t. The performance in this time period is also called partial working. That is, the working of all machines makes the workstation in perfect functioning state, while failure of at least one of them (excepting when all of them fail) puts the workstation into partial working state. The performance sciENcE aNd tEchNology of the workstation is referred to as complete failure when all the machines in it get into unplanned failure state. Accordingly, perfect functioning ("2") and partial working ("1") durations were calculated by using the unplanned failure data of all the machines in rotor line. As shown in Table 1 
Statistical data analysis of the workstations
After arranging the failure data by considering the number of failed machines during the manufacturing process, we then analyze the data. The statistical analysis of the data is important to determine the distribution of the lifetimes of the workstations at each state. First some descriptive statistics are given for each of the workstations in the manufacturing system in Table 2 . WS2 is the one functioning mostly(N=442) in perfect state within the system with a mean value of 494 minutes. Coefficient of variation greater than 1, indicates a high variation for the workstation. For each workstation it is greater than 1. However, coefficient of variation is the highest in WS6 in state 2. This indicates a high variation for the lifetimes spent at state 2 for the WS6. When we consider the lifetimes spent at state 1, WS7 functions partially 471 times with a mean value of 5 minutes. However, the coefficient of variation is smaller than 1. The coefficient of variations of the lifetimes spent at state 1 for most of the workstations are lower than 1. This indicates a low variation among the lifetimes spent at this state. When we check the coefficient of skewness and the kurtosis, for all the workstations we do not observe any symmetry. We then try to determine the lifetime distributions at each state for the workstations. We obtained the Anderson Darling statistics for the lifetimes spent at each state for each workstation, and they are given in Table 3 . The values in Table 3 Then the parameters of the Weibull distributions are estimated by maximum likelihood estimation (MLE) method. The scale, location and the threshold parameter estimators are given in Table 4 for each workstation. 
Markov degradation process
Let 1 n t t − = and t t t n = + ∆ , then (1) becomes:
. (2) shows the transition probabilities of nonhomogeneous continous time Markov process. They satisfy the following properties: and transition rate from state j to state j is:
By using the Chapman-Kolmogorov equation given in [21] and the total probability formula, P t t
∆ can be written as follows:
By the use of equation (5) and some intermediate steps, one can obtain the state equations of a machine having non-homogenous continuous time Markov degradation process as the following:
where ( )
P t is the probability that the machine tool is in state j at time t .Thus by solving equation (6) the state probabilities of a machine tool can easily be obtained. This method is practically used to find state distribution of machine tools [17] . However, it becomes difficult to use whennumber of states becomes large. In this case, in order to find the state distribution of machines Sheu and Zhang [22] proposed a recursive approach which is more efficient to use in the cases where the number of states is large. According to this method the probability of a machine tool to be at state j at time t is obtained by:
where
are also satisfied. We get benefit of this method and use equation (7) especially in finding the state distributions of each workstation whose degradation process follows NHCTMP.
Performance evaluation of a multi-state manufacturing system with independent and nonidentically distributed multi-state workstations
Each of the workstations is considered to be a multi-state component of a three-state system. The system also is assumed to have independent and non-identical three-state components. In this study NHCTMP is used to describe the age-dependent performance degradation process for the components. In the evaluation of the state probabilities of the components, minor degradation in which each element degrades to the nearest state from its current state is considered in this study for the simplicity of calculations. Let 1 2 , j j T be the lifetime of a multi-state component spent at state 1 j before proceeding to the next state 2 j . Because the components' degradation process follows a NHCTMP, we determined based on the data that the components' lifetimes spent at each state, Weibull α β λ . are given respectively by:
α β and i λ , the instantaneous degradation rates of components are given in Table 5 .
Under the assumptions related to the components of the system mentioned above we first obtain the state probabilities of each component (workstation) under NHCTMP by the equation (7) proposed by Shue and Zhang [22] . Then the probability of the i th workstation being at state 2 (working with its full performance) and at state 1 (working with partial performance), are obtained respectively by:
In the calculation of the related state probabilities for especially the components having lifetimes distributed with 3-parameter Weibull distribution, the limits of the related integrals in equation (12)- (13), is determined based on the estimated threshold parameter of the related distribution. In order to find the reliability of the system first we need to calculate the survival probabilities of the components, the probability of a workstation being at state j or above at time t, { } ( ) { }, 1, 2, ,7, 0,1, 2.
The related results are given in Table 6 . According to the results:
The data in Table 6 show that the workstation with the highest reliability in the rotor line is shaft removing, whereas the two workstations with lower reliability are the rotor die casting and rotor balancing workstations.
The probability of working with full performance of the shaft removing workstation, which has the highest reliability, in 500 minutes, which corresponds to almost one shift, is 0.86, while that of working with partial performance is 0.01 (0.865-0.858). This workstation's probability of complete failure in 500 minutes is 0.14 (1-0.858). In 1500 minutes making up one-day working period (3 shifts), this workstation's probability of working with full performance is 0.706; probability of working with partial performance is 0.004; and probability of complete failure is 0.29. Also, as shown in Table 2 , the shaft removing workstation's average life expectancy with full performance is 7366 minutes, whereas its average life expectancy with partial performance is 24.25 minutes.
Among the workstations with lower reliability, the rotor die casting workstation's probability of working with full performance in 500 minutes is 0.305, whereas that of the rotor balancing workstation is 0.317. In 500 minutes, the rotor die casting workstation's probability of working with partial performance is 0.03, while that of the rotor balancing workstation is 0.006. In the same time period, the rotor die casting workstation's probability of complete failure is 0.54, and that of the rotor balancing workstation is 0.666. In 1500 minutes corresponding to an almost one day working period, the rotor die casting workstation's and the rotor balancing workstation's probabilities of working with full performance are 0.07 and 0.084, respectively. In the same time period, the rotor die casting workstation's probability of partial performance is 0.006, whereas that of the rotor balancing workstation is 0.001. Their probabilities of complete failure are 0.924 and 0.915, respectively, in the same time period. As shown in Table  2 , the rotor die casting workstation's average life expectancies with full performance and partial performance are 493 minutes and 33.49 minutes, respectively. Likewise, the rotor balancing workstation's av- time. This result is due to the fact that the machines found in each workstation are repairable. We can also observe this from the shape parameters, i β , which are smaller than 1 for each state distributions estimated based on the data. A corrective and preventive maintenance plans are both considered within the manufacturing plant. Whenever a machine is failed, the operators fix the machine as soon as possible erage life expectancies with full performance and partial performance are 528.45 minutes and 4.70 minutes, respectively.
We also present the state probability graphs for one of the workstations with the best performance; WS 3-shaft removing in Figure 2 . When we examine (a), the probability of WS3 being at state 2 based on time t, the related probability starts from 1, because at the beginning the component is at its perfect state, it decreases as the time passes and converges to zero in the limit case. When we examine (b), the probability of WS3 being at state 1 based on time t, it starts from zero, because at the beginning the component has zero probability of working partially, goes up to a point and then decreases as time passes. When we examine (c), the probability of WS3 being at state 0 based on time t, it starts from zero and increase by the time, converges to the probability 1 in the limit case. Similar conclusions can also be made for the other workstations.
Then we also obtained the survival probabilities for the manufacturing system with the seven workstations connected in series within the system. Due to the series structure of the system the probabilities of the system being at state j or above depending on time is calculated by:
The results are given with Figure 3 . The probabilities of the system being at state 2 and at state 1 or above are represented by the solid and the dashed lines, respectively. The probability of the system working with its full performance within 50 minutes is 0.432. However the probability of the system working above a partial performance within 50 minutes is 0.600. In addition, we can say that the system showed a partial performance of 17% in the first 50 minutes, 7% in the first 100 minutes, and 4% in the first 150 minutes.
Mean residual lifetime (MRL) is another performance characteristic that is used to evaluate the stochastic behaviour of a system or its components over time. The MRL function of the ith component of the system can be calculated by the following equation:
MRL results are obtained by the use of equation (15) and given in Table 7 . When we consider the MRL of each workstation, we observe that for each workstation MRLs are increasing depending on Figure 4 . The solid and the dashed lines in Figure 4 represent the mean residual lifetime of WS3 at state 2 and at state 1 or above, respectively.
Conclusion
The studies regarding the reliability analysis of multi-state structures are important, because in practical applications we encounter many engineering systems defined with a multi-state structure. However, there is not enough research about a multi-state manufacturing system and its reliability evaluation methods. Thus, in this paper we have studied the dynamic reliability analysis of a manufacturing system with seven workstations. The system and the workstations are considered to be multi-state having three performance states such as full performance, partial performance and failure. Defining the workstations' performances as multi-state based on the number of working machines during the manufacturing process makes this study original and a challenging problem. That can also attract interests of the others dealing with the performance improvement studies of the manufacturing processes in the field of quality and reliability engineering. Also one of the stochastic processes, Markov process, is used to solve the reliability problem of such a system. Especially the degradation process of the workstations is explained by a nonhomogeneous continuous time Markov process because this is more appropriate to use in order to reflect the age effect on the state change of the workstations. The dynamic performances of the workstations and the system are obtained and discussed. One of the striking results found within this study besides the performance evaluations of the workstations is that depending on the data and also the estimated lifetime distributions, we have observed increasing MRLs for all the workstations for each state.This result also showed the maintenance activities are perfectly performed by the manufacturing plant.
Reliability analyses provide guidance for the improvement of production lines. The analysis results both determine the bottlenecks in production lines and provide decision support in production planning and maintenance activities in the lines. The rotor die casting and rotor balancing workstations in the rotor manufacturing line are the workstations that create bottlenecks. These workstations affect the performance of the entire line since the line is serially connected. For this reason, failures should be reduced by making failure mode effects analyses in these workstations. Preventive maintenance works are also important in these workstations. Moreover, the rotor line's perfect functioning and partial working performances in 500 minutes and 1500 minutes should be used in the production planning activities of this line. 
